Homework Exercises

In the following, k£ denotes a field, and X, Y, T, ... are commuting indetermi-
nates. Assume k is algebraically closed whenever you think that will make life
simpler.

1. Show that the ideal J = (X™, X"7'Y,..., XY™~ ¥Y™) of k[X,Y] cannot
be generated by less than n + 1 elements. What is the dimension of
the ring k[X,Y]/J? (Hint: consider the vector space dimension of J/Jm
where m = (X,Y).)

2. Let J be the ideal of R = k[X,Y] generated by f = Y — X2. Find a
k-vector space basis for a vector space complement to J in R, and hence
show that there is a ring isomorphism R/J = k[T].

3. Let J be the ideal of R = k[X, Y] generated by f = Y2 — X3. Find a basis
for a complement to J in R. Hence show that there is a k-algebra homo-
morphism k[X,Y] — k[T] with kernel J and image the subring k[T?, T?]
of k[T]. (Of course, k[T?, T3] denotes the subalgebra generated by 72 and
T3; what is a basis for this ring.)

4. Let S = k[T?,T?]. Suppose that k is algebraically closed. Let 6 : S — k
be a k-algebra homomorphism. Establish a natural bijection between the
points in k2 lying on the curve Y2 — X3 = 0, and such 4. If p is a point
on the curve, let I, be the kernel of the corresponding §. Show that
dimy (I, /I2) is one, except when p = (0,0). (Sketch the curve over the
real numbers and notice where the curve is not smooth.)

5. Let I be the ideal in k[X,Y] generated by X, and let R = k + I. Show
that R is a ring. Show that R is NOT noetherian. You should probably
keep in mind a basis for R; you might then see an obvious candidate for
an ideal of R which is NOT finitely generated. Is I finitely generated as
an ideal of R?

6. Show that k[z] is integrally closed in k(z).
7. Find the integral closure of k[z?, z(2? — 1)] in k(z).

8. (Noether normalization) Find a subring k[y] of k[z, =] such that k[z, 7]
is a finitely generated k[y]-module.

9. Let R = k[z,y]/(y? — z9) where p and g are relatively prime positive
integers. The ring R is a domain, so has a field of fractions, F' say. What
is the integral closure of R in F'? (Hint: look for an injective map R — k[t],
and work inside k[t], making use of question 1.)



10.

11.

12.

13.

14.

15.

16.

17.

18.

(Harder) The ring R = k[z,y]/(y? — 2° — 2?) is a domain, so has a field
of fractions. Find the integeral closure of R in its field of fractions.

Show that Q[z][z~!,(z + 1)71,(z + 2)71,...] is not a finitely generated
Q-algebra. Is it noetherian?

Recall that an ideal p of R is prime if R/p is a domain (i.e., has no zero-
divisors). Let Spec R, the spectrum of R, denote the set of prime ideals
in R. Show that if ¢ : R — S is a ring homomorphism, then there is an
induced map Spec S — Spec R. Give an example to show that this map
need not send maximal ideals to maximal ideals.

Let R C S be rings. Suppose that S is a finitely generated R-module. Let
m be a maximal ideal of R. Prove that Sm # S. (Hint: if S = Rs; +---+
Rs,,, and the result were false, then for each i we could write s; = Y ;TijS;
with each 7;; € m; it would then follow that det(d;; — ;) = 0, whence
1 € m, a contradiction). Hence prove there is a maximal ideal n of S such
that m = RN n. Hence show that the map SpecS — Spec R induced by
the inclusion of R in S is surjective on the maximal ideals. (What does
this mean in the context of Noether normalization).

Let R = k[u,v,w]/(u? — vw). Show that R embeds in the polynomial
ring S = k[z,y] by sending each of u,v,w to a homogenous degree two
polynomial. Use the fact that S is integrally closed to show that the image
of R under this embedding is integrally closed (in its field of fractions).
(Hint: it would be helpful to talk about degree a lot.)

Are the following ideals of k[z,y] prime or not:

(a) I = (z - 3),

(b) I = (2 —y* 2 +y),

(c) z=(1+2>-y*z+y),
(d) I = (2 + y°,2° +y%)?

Show that the minimal primes of k[z,y, 2] containing

I'=(2z(y+2),z(y — 2) — 2y)

are (z,y), (v,2), (x — 1,y + 2). Find a product of these primes contained
in I.

Find the minimal primes over the ideals (zy,yz, zx) and (2% +y?+ 22, zy +
yz + xz) of k[z,y, 2].

What is the radical of the ideal (zy, (z — y)z) in k[z,y, 2]?
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Show that the Zariski topology really is a topology.

Show that the subset Max R C Spec R consists of closed points. Moreover,
show that if if k is an algebraically closed field, and R = k[X},...,X,],
the bijection

Max R +» A"

given by the Nullstellensatz is a homeomorphism when A™ is given the
Zariski topology as defined in class, and Max R is given the induced topol-
ogy by virtue of its being a subspace of Spec R.

Let f : R — S be aring homomorphism. Show that f induces a continuous
function f* : SpecS — Spec R, sending p € SpecS to f'(p) = {r €
R f(r) € p}.

Consider question 21 with S = R/I and f the quotient map. Show that
f* : Spec R/I — Spec R is the a homeomorphism onto the closed subspace
V(I) C SpecR.

Suppose that R is a commutative domain. Let S be a subset of R — {0}
that is closed under multiplication. Show there is a ring Rs and a ring
homomorphism « : R — Rs with the following properties:

(a) if s € S, then a(s) is a unit in Rg;

(b) every element of Rs is of the form a(z)a(s)™! for some z € R and
s €S;

(¢) « is injective;

(d) if 8 : R — T is a ring homomorphism such that 3(s) is a unit for
every s € S, there is a unique ring homomorphism 6 : Rs — T such
that 8 = fa.

We call Rgs the localization of R at S.

What should one do in the previous exercises if R is not a domain? One
would certainly like to invert elements of S to the extent that it is possible.

Assume one is in the same situation as in Exercise 23. If I is an ideal of
Rs show that I = (INR)Rs. Give an example to show that if J is an
ideal of R, then J # RN JRs in general.

Assume one is in the same situation as in Exercise 23. If p is a prime ideal
of R, show that pRs is either equal to Rs or a prime ideal of pRs.

Assume one is in the same situation as in Exercise 23. Show that every
prime ideal of Rs is of the form pRs for some p € Spec R.
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Assume one is in the same situation as in Exercise 23. Show that the ring
homomorphism « : R — Rs induces a continuous map Spec Rs — Spec R
embedding Spec Rs as an open subset. The complement of this open set
is V(I) for some ideal I. What is I?

Decompose V(y* — 22, y* —2%y? +xy? —2?) into its irreducible components.

Although f = y? + 2%(xz — 1)? € Rz, y] is irreducible and therefore gener-
ates a prime ideal, V(f) C A% is NOT irreducible. Explain this.

Let X C Y be algebraic sets. Show that every irreducible component of X
is contained in some irreducible component of Y. Give both an algebraic
and a topological proof.

Do the points in R? with polar coordinates (r,8) such that r = sin form
an algebraic set?

Let 0 # f € k[z,y] and suppose that the degree of f is n. Let C = V(f).
Let L be a line in k% such that L ¢ C. Show that L N C has at most n
points. Is there a line meeting C at exactly n points? (Hint: Let g be the
defining equation of L, and think about the image of f in k[z,y]/(g).)

Show that A? is irreducible if k is infinite. What if k is finite?

(Vijay’s example.) Let I be the ideal in k[X,Y, Z] generated by X2 — Y3
and Y2 — Z3. Write z,y, z for the images of X,Y, Z in R = k[X,Y, Z]/I.
Observe that there is a map 6 : R — k[t] defined by = — t?, y — 5, and
P

Show that R = k[z] ® zk[z] ® yk[z] ® zyk[z] (probably best to do this
by using the usual basis in k¥[X,Y, Z] and looking at a complement of T).
Thus R is a free k[z]-module of rank 4.

By viewing k[t] as a free k[t*]-module, show that  is injective, and hence
that I is a prime ideal.

Let C C R? be the curve defined by the equation y® = 2® — z*. For each
t € R, let L; be the line y = xt. Show that L; N C' = {(0,0),p;} for a
unique p; € C. Hence define a map f : A — C by f(t) = p;. Show that
f is a regular map.

Show that the number of maximal ideals in a finite dimensional k-algebra
is finite. (Hint: first mod out by the ideal of elements which annihilate all
simple modules, and observe that this quotient ring is semisimple. There
are other alternatives.)

Prove the long theorem concerning the interplay of properties of a regular
map f: X — Y and the corresponding ring homomorphism ¢ : O(Y) —
O(X) between the rings of regular functions.
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Let R be a domain, X a new variable, and f a non-zero element of R. Let
R[f~1] be the subring of Fract R generated by R and f~ .

(a) Show that R[f~']={rf"|r € R,n > 0}.

(b) Show that R[f~!] = R[X]/(Xf—1). Hint: show that the kernel of
the ring homomorphism ¢ : R[X] — R[f '] defined by ®(r) = r for
r € Rand ®(X) = f~! is exactly the ideal (fX — 1).

(You should compare this with the sneaky trick in the proof of the strong
Nullstellensatz.)

Let I be a prime ideal in k[X1,...,X,], and let Z = V(I) C A™ be its
zero locus. Prove the following:

(a) If 0 # f € O(Z), then
O 1= kX, ..., Xn, Xn1]/(Xnga f — 1,1).

Thus there is an algebraic set W C A™*! such that O(Z)[f~!] = O(W).

(b) If Zy = {p € Z | f(p) # 0}, then there is a bijection between points of
Zy and points of W given by

b= (ala---aan) « (ala---;an:f(p)_l)'

(¢) The bijection between Zy and W is a homeomorphism when W has
the Zariski topology and Z; has the subspace topology induced by the
fact that it is a subspace of Z with the Zariski topology.

Discuss the example k[t — t=!] C k[t,t™!] in the context of Exercise ??
above. Discuss both the geometric and algebraic aspects of this example.

Let K denote a commutative ring, and let M and N be K-modules. If P
is another K-module a K -bilinear map

f:MxXN-—>P

is a map such that both f(m,—) : N - P and f(—,n) : N — P are
K-module maps for all m € M and n € N. The tensor product of M and
N is a pair (M ® N, \) consisting of a K-module M ® N and a K-bilinear
map

AiMxN->M®®N

that is universal with respect to such bilinear maps in the following sense:
if: M x N — P is a K-bilinear map, then there is a unique K-module
homomorphism p: M @ N — P such that § = pA.

Although the definite article “the” is used in the above definition, we have
not yet shown the uniqueness of the tensor product. Indeed, we haven’t
even shown that a tensor product exists.
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(Existence) Show that (M ® N, ) exists in the following way. Let F be the
free K-module with basis the elements of M x N, and let p: M x N — F
be the map sending each (m,n) to the corresponding basis element. Let
FE be the K-submodule of F' generated by the elements

(ml + m2an) - (mlan) - (m2an)a (manl + n2) - (manl) - (man2)a
and
(rm,n) - r(m, n)a (m,rn) - r(m, n)a

where m, my,my € M, n,ni,ne € N, r € K. Now define A : M x N —
F/E to be the composition of p with the quotient module map. Show
that A is bilinear, and that (F'/E, A) has the required universal property.

Notation. The image of (m,n) in M ® N is denoted m ® n. Thus, in
M ® N, we have

(mi4+m)@n=m1®n+ma®n, M (N1 +n2) =men; +mQ ns,

and
r.(m®n) = (rm) @ n =mQ (rn).

Basic Properties of ®.

(). LeM)@N=2(L&N)®d (M®N)

(i) (LOM)QN=L®(M®N)

(iii). Homg (L, Homg (M, N)) = Homg (L @ M, N)

(iv). M @ K™ =2 M™, where L™ denotes the direct sum of n copies of L.

(Uniqueness) Show that if (T, \') has the appropriate universal property,
then there is a K-module isomorphism ¢ : F/E — T such that oA = \.

Show that if M and N are free K-modules of rank m and n respectively,
then M ® N is free of rank mn.

Let K =Z, and let M = Z/(a) and N = Z /(b), where ab # 0. Show that
M ® N = Z/(d) where d = (a, b).

Let {p1,...,pn} be n distinct points on the affine line, and let X denote
their complement.

(a) Show that X can be given the structure of a variety, and determine
O(X).

(b) Show that as the set of n points changes, so might the isomorphism
class of X.

(c) Find the smallest m such that X is isomorphic to an algebraic subset
of A™.
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Let X be the affine curve defined by the equation y? = z?(z+1). Consider
the rational function f = y/x € k(X). Describe the domains of definition
of f and f2.

Do NOT assume k is algebraically closed. Let f, g € k[z,y] be irreducibles
and suppose that neither is a (scalar) multiple of the other. Prove that
V(f,g) is finite, thus proving that two distinct curves meet at a finite
number of points. Prove this using the following method: Write K = k(z),
and prove that f and g have no common factors in K[y]. Deduce that there
exist a,b € K[y] such that af + bg = 1. By clearing denominators show
that there exist 0 # h,p, ¢ € k[z] such that h = pf + gg. Hence conclude
that there are only finitely many possible values for the z-coordinates of
the points in V(f, g). Do a similar thing for the y-coordinates, and hence
get the result.

(Do NOT use the Nullstellensatz in this exercise.) Let k be an infinite
field. Let 0 # f € k[z1,...,2zp]. Prove that V(f) # A™. Hint: Suppose
that z,, appears in the expression for f, and write f as a polynomial in z,,
with coefficients in k[z1,...,Zn—1], then use induction on n, making use
of the previous problem. Give an example to show this fails if k is finite.

Think of six interesting questions about the fields F, and Q(v/d).

The field of rational functions in one variable, denoted k(z), consists of all
ratios p/q where p and ¢ are polynomials in z having coefficients in k, and
q # 0. We add and multiply these in the obvious way. The inverse of a
non-zero element p/q is ¢/p. This is the field of rational functions on the
affine line over k. Likewise, the field k(z,y) of rational functions on the
affine plane over k consists of all ratios p/q where p and ¢ are polynomials
in the variables z and y, and ¢ # 0. Are the fields k(z) and k(z,y)
isomorphic? What does the word “isomorphic” mean in this context?

Let X be a set, and R the set of all functions f : X — k. If f and g belong
to R, how do you suggest we define the sum f + g, and the product fg?
List what you think are the important properties of the sum and product?
Is there an element of R that deserves the name zero? Is there an element
of R that deserves the name one? If so, say what that element is, and
what its properties are that warrant it being given that name?

Write C(X) instead of R for the set of all k-valued functions on X. For
each subset Z of X, define

I(Z)={feC(X)| f(x)=0for all z € Z}.
State all the properties of I that you think are important. For example,

how does it behave with respect to the sum and product in R? Is there a
special name for subsets of R having these properties?
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Let Z be a subset of X. Define ¢ : C(X) — C(Z) by

O(f) = flz

That is, if f : X — k, ¥(f) is the restriction of f to Z. What are the
properties of 1) with respect to the addition and multiplication operations
in C(X) and C(Z)? How do the elements you labelled one and zero behave
under 7

Let R be any ring of functions X — k. Associate to each subset Z of X
the subset

1(2) :={feR| flz =0}

If Z' C Z, what is the relation between I(Z) and I(Z')? How are I(ZNZ'")
and I(Z U Z') related to I(Z) and I(Z")?

Let R be any ring of functions X — k. Associate to each ideal I in R the
subset
Z(I)={z€ X | f(z) =0for all f € I}.

What is the relation between the notions of inclusion, sum and product
of ideals, and the notions of inclusion, intersection, and union of subsets
of X7

Let R be any ring of functions X — k. The previous exercises give func-
tions I(—) and Z(—) between subsets of X and ideals of R. What can you
say about the compositions I o Z and Z o I?

Let X and Y be two sets, and let a : Y — X be any function. Define
P :C(X)— CY) by
Y(f) = foua;

that is, if y € Y, then ¢¥(f)(y) = f(a(y)). What are the properties of ¢
with respect to the operations of addition and multiplication in C'(X) and
C(Y)? How do the elements you labelled one and zero behave under ¢?

Let 8 : Z - Y and a : Y — X be maps between sets. Let C(8) :
CY) = C(Z) and C(a) : C(X) — C(Y) be the induced maps, namely
C(B)(9) = go B and C(a)(f) = f o a. Show that C(afB) = C(B) o C(a).
Show that if « is the identity map, then C(«) is also the identity map.

State four interesting questions about Clz,y, z]/(f).
State four interesting questions about Cz,y, 2]/(f, 9)-

Show that every non-constant homogeneous polynomial in Clz,y] fac-
tors as a product of linear polynomials. Hence show that the zero lo-
cus of a non-constant homogeneous polynomial in C[z,y] is a union of
1-dimensional subspaces of C?; that is, a union of complex lines through
the origin.
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Suppose that fi,...,fr are homogeneous polynomials in Clzy,...,z,].
Show that their common zero locus,

V(fl:"'7f7') = {pe cr |fl(p) == fT'(p) = 0}7

is a union of lines (i.e., complex lines through the origin).

If U is a vector space that is the direct sum of various subspaces Uy, d > 0,
and V is a subspace such that V' = &3 (V N Uy), show that

~ M Ua
U/V:®V0Ud’
d=0

and hence that

oy = UL
d=0

Let I be an ideal of k[z1,...,z,] that is generated by homogeneous ele-
ments. Show that

o0
I= @Iﬂk[azl,...,xn]d.
d=0

Show that Z[z] is not a principal ideal domain.
Show that k[z,y] is not a principal ideal domain.

Characterize the irreducible polynomials of degree two in k[z] when char k #
2. What about when char k = 27

Use the Euclidean algorithm to find the greatest common divisor in Q[z]
of ng™*! — (n+1)z"+1 and ™ —nx +n— 1. Express the greatest common
divisor in the form af + bg where f and g are the two given polynomials
and a and b are suitable elements of Q[z].

Let C be the curve in R? cut out by the equation y2 — 2 = 0. Consider
R = Rz,y]/(z® — y?) as a ring of functions C — R. Show that R is
isomorphic to the subring of the polynomial ring k[t] consisting of those
polynomials of the form

ag + ast? + - 4+ apt™.

Continue the previous question. For each point p € C, let m, denote
the ideal of R consisting of those functions that vanish at p. Show that
dimg m,/m? = 1if p # (0,0), and that dimg m,/m? = 2 when ¢ = (0,0).

Continue the previous question. Decide exactly which ideals m, are prin-
cipal.
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Show that 1+ 2% + --- + z2 is an irreducible polynomial in Clz1, ...,z
for all n > 2.
Let I be a two-sided ideal in a ring R. Prove there is a bijection between

the set of two-sided ideals in R that contain I and the set of idealsin R/I.
Under the bijection an ideal J in R corresponds to J/I.

Show that
R)1

RjJ = S

How do the sum and product of ideals correspond under this bijection?
Show that a finite domain is a field.

Let R be a commutative domain containing a field k. Show that R is a
field if dim; R < oo.

Let R and S be rings. Their product R x S is their cartesian product with
component-wise addition and multiplication. This is a ring.

If I and J are ideals in a ring R such that I+ J = R, show that R/INJ =
R/I x R/J.

In a PID show that ged(f, g) generates the ideal (f, g).

Let R be a commutative ring. An ideal p in R is prime if R/p is a domain.
This is equivalent to the condition that a product zy can belong to p only
if either x or y does. The spectrum of R, denoted Spec R, is the set of all
prime ideals. Notice that every maximal ideal is prime so Spec R contains
Max R, the set of maximal ideals.

We make Spec R a topological space by defining the closed sets to be

VI):={p|pDI},

where I runs over all two-sided ideals of R. Show this really does make
Spec R a topological space. This is called the Zariski topology.

Let R be a PID. Show that Spec R = Max R U {0}. Describe the closed
subsets of Spec R. In particular, if k is an algebraically closed field, what
is Spec k[t] and what is the topology on it? Think of the example of k = C
and compare this to the usual topology.

If 4 : R — S is a homomorphism between commutative rings show that
there is an induced map

¥* : Spec S — Spec R,

and that this map is continuous. Is this true if we replace Spec R and
Spec S by Max R and Max S?
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You have just shown that the rule R — SpecR and 9 — ! is a con-
travariant functor from the category of commutative rings to the category
of topological spaces (contravariant because the arrows change direction).

Actually you also need to show that id% = idspec g and () = ptet.

View R = k[z1,...,zy] as functions ™ — k. Show that there is a natural
iinjective map k™ — Max R — Spec R, so the Zariski topology induces
a topology on k™. What are the closed subsets of k"7 Show that every
polynomial function f : k™ — k, i.e. every f € R, is a continuous map
when k™ and k are both given the Zariski topologies. (The Zariski topology
on k is obtained from the inclusions k¥ — Max k[t] — Spec k[t]).

A boolean ring is a commutative ring in which 22 = z for every element.
If R is boolean show that Max R = Spec R.

Let R be a commutative domain and suppose that every non-zero non-unit

is a product of irreducibles. Show R is a UFD if and only if (z) is a prime
ideal for all irreducibles in R.

In particular, since R = k[z1,...,2,] is a UFD, this shows that R/(f) is
a domain if and only if f is irreducible.

A commutative ring is local if it has a unique maximal ideal. Let p € Z
be prime. Show that the subring

S:={a/b|a,b € Z, p does not divide b}
of Q is local.
Let p be an irreducible element in a PID R. Show that the ring
S :={a/b|a,b€ R, p does not divide b}
is local.
Let J and K be ideals in k[z1,...,2y]. Define
K:J:={z €k[r1,...,3,] | zJ C K}.
Suppose K is a radical ideal. Show that V(K : J) = V(K)\V(J).

Good notation can have lots of wonderful consequences. The notation

I:J)issupposedtoremindyouo fratios. N owweallknowthat2.t = 2sothenotationsuggeststheremightbesomerel
b c

K). Can you find such a relation? Does the rule for adding fracticons sug-

gest some statement you can make about (I : J) + (K : L)? Can you say
anything about ((I : K) : (J: K))?

In Z[x] factor into irreducibles 2™ — 1 for 3 < n < 10.
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Are any two of the following rings isomorphic:

Z[(4), B [z]/(2*), Fa[t]/(#* = 1), Fa[y]/ (v +y + 1)?

Explain. You can sometimes show two rings are not isomorphic by showing
that their (lattices of) ideals are different.

What is the integral closure of R = k[z,y]/(y*> — z*(z — 1)) in its field of
fractions. Hint: find a subring of k[t] that is isomorphic to R.

Let R be a domain with field of fractions F. Let S be a subset of R
consisting of non-zero elements and suppose that st € S whenever s and ¢
belong to S. Let S = R[S™!] be the subring of F generated by R and the
inverses of the elements in S. Every element in S can therefore be written
in the form zy ! where z € R and y € S. Show there is a natural 1-1
correspondence between the prime ideals of S and the prime ideals p of R
such that pNS = ¢.

Continue with the notation of the previous exercise. A previous week’s
homework exercise showed that the inclusion map ¢ : R — R[S 1] induces
a continuous map

¢* : Spec R[S™!] — SpecR

when the two spectra are given the Zariski topology. Show that this map
is a homeomorphism onto the subset of Spec R that is the complement of
the set

Z:={q€SpecR|qnNS # ¢}.

Remarks and hints: Let’s write U for the complement to Z. The
topology on U is induced from that on Spec R—the closed sets of U are
exactly the subsets of the form Y NU where Y is a closed subset of Spec R.
If J is an ideal of R[S7!], then J = (J N R)R[S ], i.e., as an ideal of
R[S71], J is generated by its intersection with R. If I is an ideal in R,
then IR[S 1] = {as ! | a € I,s € S}. You can use these remarks without
proof.

In general Z will not be a closed subset of Spec R. When R is the ring of
integers and S consists of all non-zero integers, then Z C SpecZ consists
of all non-zero ideals in Z, and this subset of SpecZ is not equal to V' (I)
for any ideal I in Z. Remember the zero ideal belongs to SpecZ. In this
case R[S7!] = Q and the map Spec Q — SpecZ sends the unique point
in Spec Q to the zero prime ideal in Spec Z.

However, if S is finitely generated (meaning there are elements sy, ... s, €
S such that & = {si* -+ s | (i1,...,in) € N*}) Z is closed.

Let L be a submodule of a left R-module N. Show that there is a bijection
between the submodules of N that contain L and the submodules of N/L.



95.

96.

97.

98.

99.

100.

101.

13

Under the bijection a submodule M lying between L and N corresponds
to the submodule M /L of N/L. Show that

N/M = %

Let M be a left R-module. If I is an ideal of R we write

n
IM := {Zaimi |n>0,a; €I, meM}.
i=1
Show that IM is a submodule of M. Show that if IM = 0, there is a
natural way to make M a left R/I-module.

Let S be any subring of R = k[z] that is strictly larger than k. Show that
R is a finitely generated R-module. What minimal information about S
would allow you to obtain an upper bound on the number of elements
needed to generate R as an S-module?

Hilbert showed that every ideal in a polynomial ring k[x1, . . ., 2] is finitely
generated. Find explicit generators for the ideal

I:={f€Rz,y,2]| f(a,b,c) =0 for all (a,b,c) € S*}.
where S? is the sphere

5% :={(a,b,c) € R® | a® +b* +* =1}.

Show that k[z] has infinitely many irreducible elements, and use that to
show that k(z) is not a finitely generated k[z]-module.

Let R be a subring of the commutative ring S. Suppose that S is a finitely
generated R-module. Show that if m is a maximal ideal of R, then Sm # S
(Hint: suppose to the contrary that S = Sm and write S = >, Rs; and
8i = )_;Tijs; with r;; € m; then prove that the determinant of the matrix
(rij — 6;5) is zero, and conclude that 1 € m.)

Hence show that there is a maximal ideal n of S such that nN R = m.
What does this say in terms of the map Spec S — Spec R induced by the
inclusion R — S7?

Let p be a non-zero element in the commutative ring R. Show that (p) is
a prime ideal if and only if p is a prime element of R.

Are the following ideals of k[z,y] prime or not? Give reasons, and say
whether your answer depends on the characteristic of k.

(@) (2° —v?)
(b) (1+2°-y?)



14

102.

103.
104.
105.
106.
107.

108.

109.
110.

111.

112.
113.

(c) (2® -y’ z+y)
(d) (142 -y*z+y)
(e) (2® +y%z+y)

If I is an ideal in a commutative ring R, a prime ideal p containing I
is called a minimal prime over I if there are no prime ideals g such that
I C q C p other than q = p.

What are the minimal primes over the following ideals:
(a) (1+2° —y% 2 +y) in kfz,y);
(b) (zy,y2, 2z) in klz,y, 2];
(c) (2 +y?® + 2%, vy + yz + x2) in k[z,y, 2].
Find the radical of the ideal (zy, z(x — y)) in k[z, y, 2].
What are the closed points in Spec R?
If p1,...,pn are distinct prime ideals, what is the radical of p’f ceepin?
Give an example to show that a sum of radical ideals need not be radical.

Describe the subvariety
z(y+2)=z(y—2)—2y=0
of C? by describing its irreducible components and their intersections.

What are the irreducible components of the subvariety of C? given by
oyt =yt — 22 4oy — 2P = 07

Is (2 — 93,y — 2%) a prime ideal of k[z,y, 2]?

Let C C R? be the curve y®> = 23 — z*. Let Ly, t € R, be the line y = tz.
Show that L; meets C' at {(0,0),p;} where p; is a unique point of C.
Define the map f : R — C by f(t) = p;. Is f a morphism? Is it bijective?
Sketch C.

If f is an irreducible polynomial in k[zi,...,2z,], is V(f) irreducible?
Explain. What if f = 42 + 2%(z — 1)? € R[z, y]?

Let I = (2 + 4%, 2> —y?) C C[z,y]. Find V(I) and dim¢ Clz,y]/1.

If X CY are closed subvarieties of A, show that every irreducible com-
ponent of X is contained in some irreducible component of Y.



15

Math 504, Homework 8, November 30, 2001

Do all problems. In the exercises below k, K, L, and F, denote fields. We

write I, for the field with ¢ = p™ elements—you can assume there is a unique
field of this cardinality when p is a positive prime. You may use Eisenstein’s
criterion.

1.

10.
11.

Let K be a degree two extension of k. If char k # 2, show that K = k(«)
for some a € K such that o? € k. If chark = 2, show that K = k(a) and
either a? or o® + a is in k. If k is finite that only the second alternative
occurs.

. Is 22 + 5 irreducible over Fig9?

. Let a be a complex number such that a® + a+1 = 0. Does Q(a) contain

i =+/—1. Does Q(*v/—2) contain 4?

. Let K be an extension of k, and o € K. We write k[a] for the smallest

subring of K containing k and a and k() for the smallest subfield of K
containing k and a. Show that k[a] = k() if and only if « is algebraic
over k.

. Let K and F be extension fields of k¥ and a € K and € F. Show that

k(a) = k(B) if and only if @ and 8 have the same minimal polynomial.

. Find the minimal polynomial of v/5++/7 over each of the fields Q, Q(v/5),

Let o be a complex root of the polynomial 3 — 3z + 5. Find the inverse
of @® +2a — 1 in Q(a) in the form a + ba + ca® where a,b,c € Q.

. Let ¢, = €?™/™_ Find the minimal polynomial of ¢, over Q for 3 < n < 12.

. Find the minimal polynomial of {15 over Q({3), Q(¢s), and Q((4)-

Find the minimal polynomial of ¢ + ¢ over Q.

Let a be the real 35" root of 2. What is the degree of the minimal
polynomial of 1 + a? over Q?
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Some Solutions

1. First, k[X,Y] has a k-vector space basis {X?Y7 | 4,5 > 0} and the
maximal ideal m = (X,Y’) has basis {X*Y7 | i +j > 1}. It follows that m™ has
basis {X Y7 | i+ j > n} and that dimj(m™/m"*!) = n + 1. Therefore

aim XX (6 gy e it j <y == 1424 tn= a1,
The ideal J in the question is m”, so dimy k[X,Y]/J = n(n + 1)/2.

Let R be any k-algebra, m a maximal ideal of R such that R/m = k, and
I=a;R+ - -+ aR an ideal. Then I/Im is an R/m-module generated by the
images of a1, ...,a; so is a k-vector space of dimension < ¢. Hence the minimal
number of generators for the ideal I is > dimy I/Im.

In this problem we see that J/mJ has dimension n + 1, so J needs at least
n + 1 generators.

4. The kernel of the map ¢ : k[X,Y] — k[T defined by ¥(X) = T? and
»(Y) = T*? contains J = (X*® — Y?2). There is a vector space decomposition

E[X,Y] = k[X]® YE[X]® J.

To see this first observe that each X ‘Y7 belongs to the sum on the right: this
is clear if j = 0 or j = 1 and, if j > 2, X?VJ = X{YJ/~2(Y?2 - X3) 4 Xi+3yi—2
so we may then argue by induction on j. The sum is direct because there is a
direct sum k[T?] ® T3k[T?] in k[T]. This also makes it clear that kery = J.

Thus k[X,Y]/(X® - Y?) = S = k[T? T3] C k[T]. There is an obvious
bijection between k-algebra homomorphisms § : S — &k and k-algebra homo-
morphisms 6 : k[X,Y] — k that vanish on J. A k-algebra homomorphism
0 : k[X,Y] — k is completely determined by a = §(X) and § = 6(Y), and
J C kerf if and only if o® = 2, i.e., if and only if (o, 3) € C where C is the
curve X® = Y2 So the k-algebra homomorphisms 6 : k[T?,T%] — k are in
bijection with the points on C.

Now let m be a maximal ideal of S. Write 2 and y for the images of X and
Y in k[X,Y]/J and m = (z —,y — §) where (o, 3) € C. Then m is the image of
the maximal ideal n = (X — a,Y — $) in k¥[X,Y] so m/m? is a quotient of n/n?
and dimg m/m? < dimg n/n? = 2. I showed in class (Lemma 5.7) that m # m?.

Ifm = (z,y) = kT2 + kT3 + --- (ie., if (0, 8) = (0,0)) then m? = kT* +
KT® + ---, so dim(m/m?) = 2.

We will now show that if m # (z,y), then dim(m/m?) = 1. So assume
(0,0) # (a,8) € C. It suffices to show that x — a and y — § are linearly
dependent modulo m2. Certainly m? contains

(y—B)? =y*—28y + B> =2° — 2By +

and (z — a)? = 22 — 2az + o2, so contains z® — 2ax? + o®x and 2°® — 2a(2az —
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a?) + o’z = 23 — 3a%z + 20°. Hence m? contains

(z° =28y + B%) — (2° — 30’z + 20%) = 2By + B* + 32’z — 20°
= —28y +3a’r —a?
=3a’(z — ) = 28(y — ).

Hence z — a and y — f3 are linearly dependent modulo m? and dim(m/m?2) = 1.

14. Let ¢ : T = k[u,v,w] = R = k[z,y] be the k-algebra homomorphism
defined by ¢(u) = zy, ¢(v) = 22, and ¢(w) = y?. The image of ¢ is the subring
of k[z,y] consisting of all polynomials having no odd degree terms; i.e., im(¢)
is spanned by all z'y’ such that i + j is even.

The kernel of ¢ contains f = u? — vw and hence contains the ideal fT'. It is
trickier to show this is exactly the kernel.

Here is one such argument based on the fact that R and T are graded k-
algebras, i.e, there is a nice notion of “degree”.

Define T}, to be the linear span of all uPv?w” such that p+ q+r = n. Define
Ry, to be the linear span of all 'y’ such that i + j = n. Then T = ®,>¢T}, and
R=®p>oRn and T;T; C Tiyy and R;R; C Ry for all ¢ and j.

Since ¢ : T — R maps T,, surjectively onto Ra,,

ker ¢ = @) (T, Nker ¢).

n>0

Thus, to show that ker ¢ = fT it suffices to show that T,, Nker ¢ = fT,, o for
all n. Because T}, — R», is surjective we know that

dimy, (Tn N ker ¢) = dim T}, — dim Rs,,.

But dim R; = i+ 1 and dim T} = ("), so

(n—1)(n—2) = dim T2 = dim fT,,_o.

N | =

1
dimy, (T,Nker ¢) = 5n(n+1)—(2n+1) =
Hence T}, Nker ¢ = fT,, o and ker ¢ = (u? — vw)T.
Write S for ¢(T") C R and write S; = S N R;. Thus S; = 0 if ¢ is odd and
S; = R; if 7 is even. Now we show that S is integrally closed in its field of
fractions Fract S. There are injections

S S R

! !

Fract S —— Fract R.

Suppose that £ € Fract S is integral over S. Then £ € Fract R is integral over
R and hence is in R because k[z,y] in integrally closed, so it remains to show
that RN FractS = S.
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If RN FractS is strictly larger than S we can find an » € R of minimal
degree (i.e.,r € Ry@® Ry ®--- ® R,, with n minimal) such that r = a/b for some
a,b € S with b # 0. Then rb = a. Write

r =1, + lower degree terms,
a = a,, + lower degree terms,

b = b, + lower degree terms,

where a;,b;,7; € R;. Looking at the highest degree term r,b, = ap; but
a,b € S, so p and m are even. Hence mn is also even and r, € S. Thus
r—ry, =ab~! —r, € RNFract S; but deg(r —r,) < degr, sor —r, € S. Hence
resS.

15. The ideal (z — 3) is prime in k[z,y] because k[z,y]/(x — 3) = k[y] which
is a domain. To be precise, (z — 3) is the kernel of the surjective k-algebra
homomorphism ¢ : k[z,y] — k[y] defined by ¢(z) = 3 and ¢(y) = y.

The ideal I = (z? — %,z + ) is equal to (z + y), and this is a prime ideal
in k[z,y] because k[z,y]/(x +y) = k[y].

The ideal J = (1422 —y2,z+y) is equal to (1, z +y) which equals the ring
itself. But the ring itself is not considered to be a prime ideal.

The ideal K = (2% +93, 2% +y%) is not prime because it contains the product
(x + y)(x? — zy + y?) and neither of these elements is in K because K C

Dirj>a katy’.
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16. To show that the minimal primes over I = (z(y + 2),z(y — 2) — 2y)
are p1 = (z,y), p2 = (y,2), and p3 = (z — 1,y + 2) it suffices to show that T is
contained in each of these and that I contains some product involving all three
of them, but not a product involving only two of them—it is obvious that each
p; is prime because k[z,y, z]/p; = k[t], the polynomial ring in one variable, and
pig p;ifi# .

One sees at a glance that I C p; Np2 and, since z(y —2) — 2y = (z — 1)(y —
2)—(y+2),I Cps. Hence I C p1NpaNpz and V(I) D V(p1)UV(p2) UV (p3) =
V(p1p2ps)-

We will now show that V(I) C V(p1)UV (p2)UV (p3) from which it will follow
that V(I) = V(pl) U V(pQ) U V(pg), whence \/.T = \/M = p1 NP2 N Pps. Let
(a,b,c) € V(I). Suppose first that b = 0; then ac = 0s0 (a,b,c¢) € V(p1)UV (p2).
Now suppose that b # 0. Then 0 =a(b+c¢) = (a—2)b—ac = (a—2)b+ab=
(a—1)b,s0 a =1 and b+ c = 0, whence (a,b,c) € V(p3). Hence VI = /p1pap3
and (p1pa2p3)™ C I for some n.

It is kinda tedious to show, but p1pops C I!

If pip} C I, then V(I) C V(pip2) = V(p1) UV (p2). But this ain’t the case
because (1,1, —1) € V(I) but is not in V' (p1) or V'(p2). Similarly, (2,0,0) € V(1)
but is not in V(p1) U V(p3), so pip; ¢ I. Finally, (0,0,1) € V(J) but is not in
V(p2) UV (ps) so psp3 ¢ 1.

17. Before doing this exercise notice that lines and planes in A™ are irre-
ducible because their coordinate rings are domains—the coordinate ring of a
line (resp., a plane) is a polynomial ring in one (resp., two) variable(s). If we
are working in A® with coordinate functions z,y, 2, let’s write P, for the plane
z =0, Lgy for the line z = y = 0, et cetera.

The minimal primes over J = (xy, zz,y2) are in bijection with the irreducible
components of V(J) so we first find those. Then

V(J) =V (zy) NV(xzz) NV (y2)
=(P,UP,)N(P,UP,)N(P,UP,)
= Lyy ULy, ULy..

Hence the minimal primes over J are

(z,9), (x,2), (y,2)

and
VI = (z,y) N (z,2) N (y,2) = (22, yz, zy).

Notice that (zz,yz,zy)% C J.

18. The radical of the ideal I = (zy, (x —y)z) in k[z,y, 2] is the intersection
of the minimal primes over I. Those minimal primes are in bijection with the
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irreducible components of V (I) so we first find those. Then

V(I) =V(zy) NV((z - y)2)
=(P,UP)N(Py—y UP,)
=(PNP,_y)U(P,NP,)U(PyNP,_y)U(P,NPF,)
= Lyy ULy ULyyULy,.

Hence the minimal primes over I are

(z,9), (,2), (y,2)

and
VI = (z,y) N (z,2) N (y,2) = (z2,yz, 7Y).

Notice that (zz,yz,zy)? C I.

29. Really 23...1 have a numbering problemo. Let I = (y* — z2,y* —
z2y? + zy? — x3). Decomposing V(I) C A? into its irreducible components
is equivalent to finding the minimal primes over I. Since (y? — z)(y? + z) =
y!—a22 eI, I=0L NI and V(I) = V(I;) UV(I5) where
L=y’ ~x,y' —2?y +oy’ —2°) = (¥ ~2,y" —° +y' —4°) = (V" —=,2(y" ~4°))
and

L= +zy" - 2"y’ + 2y’ —2°) = (4 + 29" —° —y* +4°) = (4* +2).
Now k[z,y]/I = k[y]/(2y*(1 —y)(1 +y)) so

vy = L1100, (LY), (-1} if chark # 2
Y | the parabola z = y?  if chark = 2.

Also k[z,y]/Iz = k[y], so V(I5) is the parabola z + y? = 0. Thus

V() = {the parabola z = —y?} U {(1,1)} if chark # 2
| the parabola z = y2 if char k = 2.
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39. Should be 34!

Lemma. Let f be a non-zero element in a domain R and R[f '] the subring
of Fract R generated by R and f=1. Then R[X]/(Xf—1) = R[f~1].

Proof: It is clear that R[f~!] is the image of the map ¢ : R[X]| — Fract R
defined by ¢(r) =r for r € R and ¢(X) = f~L.

It is clear that ker ¢ D (X f—1). To prove the reverse inclusion, suppose that
a=Y 1 ,a;X"is in the kernel of f. We will argue by induction on n = dega.
Multiplying ¢(a) by f™, we see that

n
0= af" "=af"+arf* '+ +an 1f +an,
=0

whence f divides a,. Write a,, = fb. Now
a=bX""YXf=1)+ (an_1 +D) X" +a, 2 X" 2+ .-+ a1 X + ao.

The first term of the sum on the right-hand side belongs to ker ¢, so the sum
of the other terms is also in ker ¢; but that sum has degree < n — 1 so, by the
induction hypothesis, belongs to (X f —1). Hencea € (Xf —1). O

It is clear that there is a bijection p = (a,...,0,) < (a1,...,a,, f(p)™1)
between the points of Z¢ := {p € Z | f(p) # 0} and points of W = V(I, Xp41 f—
1).

(c) The projection map 7 : A"t1 = A" x Al — A", (p,q) ~ p, is a morphism,
so continuous with respect to the Zariski topologies. Hence the restriction of «
to W =V (I, Xn41f — 1) is a continuous map 7 : W — Z;. This is a bijection,
so its inverse is also continuous. Thus W is homeomorphic to Zy.

87. Should be 81!
By definition, (K : J)J C K, so

VK)CV(K : J)J)=V(K : J)UV(J),
whence V(K) — V(J) C V(K : J) and, because V(K : J) is closed,
V(K)-V({J) CV(K:J).

To prove the reverse inclusion we need to assume that K is radical, so assume
that. This implies (K : J) is radical too: if a> € (K : J) then a®?J C K so
(aJ)? C K, whence aJ C K.

Let f € I(V(K)—-V(J)) and g € J. Let p € V(K). If p ¢ V(J), then
fp) = 0; if p € V(J), then g(p) = 0; in either case, (fg)(p) = 0. Hence
fg € I(V(K)) = K. But thisis true for all g € J, so fJ C K and f € (K : J),
so

I(V(K)-V(J)) C(K:J).

Now, using the fact established in class that I(V'(S)) = S for any subset S C A",
we get
V(K)=V(J) =V({I(V(K)=V(J)) D V(K :J).
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92. Should be 85! We consider the map f : SpecS — SpecR, f(p) :=
RNp. Write U := {q € Spec R | qN'S = ¢}. The image of f is contained in U
because if f(p) were not in U then RN p would contain some s € S. But then
p contains s and hence s~1s = 1, contradicting the fact that p is prime (so not
equal to ST).

Claim: If I is an ideal of S = R[S™!], then I = (RN I)S. Proof: Certainly,
(RNI)S C I because I is an ideal of S. On the other hand, every element of I
is of the form zs~! for some z € R and s € S and since z = zs~'s, x € RN I;
therefore x € (RN I)S. ¢

It follows that f is injective.

Now let q € Spec R be such that gNS = ¢. We will show that f : Spec S — U
is surjective by showing that q.S is prime and q = f(gS).

In order to show that qS is prime, suppose as™!,bt~! € S are such that
as~'bt™! = cu™! € ¢q5. We can assume a,b,c € R, ¢ € q, and s,t,u € S.
Then abu = cst € q. But q is prime so at least one of a,b,u belongs to q. But
SN q = ¢ so either a or b is in q, and therefore either as~! or bt~ ! in in 9.
This shows that ¢S is prime.

Now we show that f(qS) = g. Certainly, ¢ C RN qS. Suppose that r €
RN gS. Then 7 = as™! where a € q and s € S. Therefore sr € g; but s ¢ g, so
r €q. Thus q=RNgS = f(qS). So f : SpecS — U is a surjective map. This
completes the proof of the bijection

U +— Spec S.

Final Remark. If S is generated by si,...,$,, then U is open because it
is the union of the open sets Spec R — V'(s;), where V (s;) = {q | i € q}.

93. Should be 86! To show that the map f : Spec S — U in the previous
exercise is a homeomorphism it remains to show it is continuous. But this is
an immediate consequence of the fact that the map f : Spec S — SpecR, p —
¢~ 1(p) is continuous for any ring homomorphism ¢ : R — S.

113. Should be 106! Write Y =Y, UY,U---UY,, as a union of irreducible
components. If Z is an irreducible component of X C Y, then Z = (ZNY;) U
---U(ZNY,) expresses Z as a union of closed subsets so Z = Z NY; for some
i, whence Z CY;.

42. Should be 36! The best way to establish these isomorphisms is to use
the universal property of M ®g N.

This universal property of M ® g N (or, more accurately, of the pair (M ®p
N, ) can be stated as follows: there is an R-bilinear map A : M xN - M QrN
such that for every R-module D the map

Homp(M ®g N, D) — Bilin(M x N, D)
prHpo
is bijective.
This property of M ®r N has the following consequence.
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Lemma 0.1 Suppose that D is a R-module and X' : M x N — D is an R-
bilinear map with the property that for every R-module () the map

Homg(D, Q) — Bilin(M x N, Q)
v vol

is bijective. Then there is a unique R-module homomorphism p: M @ g N — D
such that X' = po X, and p is an isomorphism.

Proof. The existence of a R-module homomorphism p : M ® g N such that
A" = pA is guaranteed by the universal property for (M ®g N, \).

Because of the universal property satisfied by (D, \'), if we take Q = M®grN
there is a R-module homomorphism v : D -+ M ® g N — D such that A = v\

The R-module homomorphism vp : M ® g N —+ M ®r N has the property
that vpA = vA' = \. However, the identity map idyg,n also has the property
that idypgrn A = A 50, by the uniqueness clause in the universal property for
M ®g N (applied with D =M ®gr N) vp=id M ®gr N.

Repeating the argument in the previous paragraph for D in place of M @ g N,
we see that pv = idp. Hence v is an isomorphism.

Finally, the uniqueness of the homomorphism p satisfying \' = p is ensured
by the unigeness clause in the universal property for (M ®g N, ). |

It is pretty tedious establishing all the basic properties of ® g so I will only
prove there is an isomorphism of R-modules
O : Homg(M ®g N,D) — Homg(M,Homg(N, D))
given by
O(f)(m)(n) = f(m&mn)

for f € Homg(M ®g N,D), m € M, and n € N. I really only care that © is
an isomorphism of abelian groups, but it is no extra work to check that © is an

R-module map.
First we define ¥ : Hompg(M,Hompg (N, D)) — Bilin(M x N, D) by

T(f)(m,n) = f(m)(n).

Since f is an R-module map ¥(f)(—,n) : M — D is R-linear. Since f(m) is an
R-module map ¥(f)(m,—) is R-linear. It follows that ¥(f) is R-bilinear.
Define @ : Bilin(M x N, D) — Homg(M,Homg(N, D)) by

®(a)(m)(n) = a(m,n).
Since a(m,—) is R-linear ®(a)(m) is an R-module map. Since a(—,n) is R-
linear ®(«) is an R-module map. Hence ®(a) € Homg(M, Hompg (N, D)).

It is easy to check that ® and ¥ are mutually inverse so

Hompg(M,Hompg(N, D)) = Bilin(M x N,D) = Homg(M ®gr N, D).
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45. Should be 39! Let a and b be positive integers and d = ged(a, b). To
show that
Z © Z | L
2Ry
(@) () ()
we will show that the bilinear map
I Z T
(@) (0) (@)
defined by o
A(i,§) =1ij
has the appropriate universal property. Notice that A is well-defined because
d divides a and b. Let 6 : % X % — M be a Z-bilinear map. Define the
R-module map

Z

by p(1) = 6(1,1). To see that there really is an R-module map with this property
we need only check that d.0(1,1) = 0. This is true because there are integers
u, v such that d = au + bv, whence

d.6(1,1) = 6(d,1) = (au + bv, 1) = 8(bv, 1) = b(v,1) = B(v,b) = 0.

Now, using the bilinearity of 8 twice,

pA(i, 7) = plig) = ijp(1) = ij8(1,1) = i6(1,j) = 6(i, )

whence pA = 6. Moreover p is the only R-module map such that pA = 8 because
if p’A = 0 also then p'(1) = p'A(1,1) = 6(1,1).

90. Should be 83!



