DAY 5: DIFFERENTIAL CALCULUS

Relevant information.

Theorem 4.1 ([Rud76, Thm. 5.8]). If f : [a,b] = R has a local mazimum or minimum at ¢ € (a,b)
and f'(c) exists, then f'(c) =0.

Theorem 4.2 (Mean value theorem / [Rud76, Thms. 5.9,10]). If f is a real valued function which
is continuous on [a,b] and differentiable on (a,b), then there exists a point & € (a,b) so that
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Theorem 4.3 (Taylor’s Theorem / [Rud76, Thm. 5.15], [KRD10, Thm. 10.1.3]). Suppose f :

[a,b] — R is n times continuously differentiable on [a,b], V) exists on (a,b), and ¢ € [a,D].
Then, for any x € [a,b] with x # ¢ there exists some & between ¢ and x so that
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In particular, if | £ (2)] < M on [a,b] then
M|z — c|*T!
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for all x € [a, b].
Warm-up problems.
1) (June 1999 #10) Show that if f is differentiable on (a,b) with f'(z) =0 on (a,b), then f is
constant on (a,b).

2) ([Rud76, Exercise 5.1]) If f : R — R satisfies |f(x) — f(y)| < (z —y)? for all z,y, then f is

constant.

3) ([KRD10, Exercise 6.2.B]) If f : (a,b) — R is continuously differentiable and f’(x¢) # 0 for
some xg € (a,b), then f is injective on some interval (¢, d) containing x.
Problems.

4) (June 2005 #1a) Use the definition of the derivative to prove that if f and g are differentiable
at x, then fg is differentiable at x.

5) (January 2006 #2b) Assume that f is differentiable at a. Evaluate
L anf(@) " fa)
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6) (June 2007 #3a) Suppose that f,¢g : R — R are differentiable, that f(z) < g(z) for all
x € R, and that f(z¢) = g(x¢) for some zq. Prove that f'(z¢) = ¢’ (o).

7) (June 2008 #3a) Prove that if f’ exists and is bounded on (a,b], then lim,_,,+ f(x) exists.

8) (January 2012 #4b, extended) Let f : R — R be a differentiable function with f’ € C'(R).
Assume that there are a,b € R with lim,_, . f(z) = a and lim,_, f'(z) = b. Prove that
b = 0. Then, find a counterexample to show that the assumption lim, , f'(z) exists is
necessary.
1



9) (June 2012 #1a) Suppose that f : R — R satisfies f(0) = 0. Prove that f is differentiable at
x = 0 if and only if there is a function g : R — R which is continuous at x = 0 and satisfies
f(z) = zg(x) for all x € R.

More problems.

10) (January 2005 #6) Suppose that f : [0,1] — R is a differentiable function with f(0) = 0
and that there exists some K > 0 so that |f'(z)| < K|f(x)| for all z € [0,1]. Prove that
f(z) =0on [0,1].

Note: See [Rud76, Chap 5, #26] for a significant hint.

11) Assume that f : [0,1] — R is continuous on [0,1] and differentiable on (0,1) with f(0) =
f(1) =0 and f(c) =1 for some ¢ € (0,1). Prove that there exists some s € (0,1) such that
[f'(s)| > 2.

12) (January 2010 #4) Suppose that f : R — R is differentiable at a € R. If {z,} is an increasing
sequence of real numbers converging to a and {y,} is a decreasing sequence of real numbers
converging to a, prove that

lim f(yn) — f(zn)
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= f'(a).
13) Prove Theorem 4.1.
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