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YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 1A. Score:

Let y be a solution of y′′′−y = 0 such that y(t)→ 0 as t→∞. Show that y(0)+y′(0)+y′′(0) =
0.

Solution:
The characteristic equation r3 − 1 = 0 has a real root at r = 1 corresponding to a

growing solution, and two complex roots r1 and r2 with negative real parts. The condition
at ∞ implies that y is a linear combination a1 exp(r1t) + a2 exp(r2t) . Both r1 and r2 satisfy

1 + r + r2 =
1− r3

1− r
= 0

so y(0) + y′(0) + y′′(0) = a1(1 + r1 + r21) + a2(1 + r2 + r22) = 0.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 2A. Score:

Let f : R → R be bounded and continuously differentiable. Show that every solution y of
y′ = f(y) is monotone.

Solution:
If y′(t0) = 0 for some t0 then f(y(t0)) = 0. Hence the constant y0 = y(t0) is a solution

matching y at t = t0. By uniqueness, y is constant and therefore monotone.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 3A. Score:

Let f be a twice continuously differentiable function on [0, 1] such that f(0) = f(1) = 0.
Prove that

max
x∈[0,1]

|f(x)| ≤ 1

8
max
x∈[0,1]

|f ′′(x)|,

and find an example where equality holds.

Solution: The equality holds for f = x(x− 1)/2 with constant f ′′ = 1 maximum modulus
value 1/8 achieved at x = 1/2. In general, let x = α be the point of maximum for |f |.
Replacing f(x) with f(1− x) if necessary, we may assume that 0 < α ≤ 1/2. We have:

f(α) =

∫ α

0

f ′(x)dx = αf ′(α)−
∫ α

0

xf ′′(x)dx.

Let M denote maxx∈[0,1] |f ′′(x)|. Since α is a critical point of f , we have f ′(α) = 0 and find:

|f(α)| ≤M

∫ α

0

xdx = M
α2

2
≤ M

8
.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 4A. Score:

Evaluate

I =

∫ ∞
−∞

x sinx

(1 + x2)2
dx.

Solution:
Integrate by parts to get

I =
1

2

∫ ∞
−∞

cosx

1 + x2
dx

Change cos(x) to exp(ix) and close the contour in the upper half plane to get

I =
π

2e
.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 5A. Score:

Find the number of complex roots of ez = 3z6 with |z| < 1 that have positive imaginary
part.

Solution: On the unit circle |3z6| > |ez| so the number of real or complex roots in the unit
disk is the same as the number of roots of 3z6 by Rouche’s theorem, which is 6. There are
exactly two real roots (look at the graphs) so there are exactly 4 roots that are complex but
not real. The complex roots occur in complex conjugate pairs, so there are exactly two that
have positive imaginary part.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 6A. Score:

Let n be a positive integer and let a be a complex number. Prove that an = 1 if and only if
there are invertible n by n complex matrices X, Y such that Y X = aXY .

Solution:
To show the second condition implies the first take determinants of both sides.
To show that the first condition implies the second, choose a basis e0, e1, ..., en = e0. Put

Xem = em+1, Y em = amem.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 7A. Score:

Let A be a complex n× n matrix satisfying A37 = I. Show that A is diagonalizable.

Solution:
The minimal polynomial of A divides x37 − 1 which has only linear factors.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 8A. Score:

Show that F : C3 → C3 defined by

F (u, v, w) = (−u− v − w, uv + uw + vw,−uvw)

is surjective but not injective.

Solution:
Since F takes the three roots of a monic polynomial to its coefficients, it is surjective. It

is not injective because permuting distinct roots gives the same polynomial.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 9A. Score:

Let S be a countable set of real numbers. Show that there are function gn : N → N such
that if f : N → N is a function from N to N with f(n + 1) > gn(f(n)) for all n, then
A =

∑∞
n=1

1
f(n)

converges to a real that is not in the set S.

Solution:
Suppose S = {s1, s2, ...}. We will choose all functions gn so that gn(m) > 2m (so in

particular the series will converge). Suppose we have chosen the functions g1, ...gn. We
choose gn+1 so that the sum cannot be sn+1. For any given value of f(n) there are only a
finite number of possible values for the sum of the first n terms of A. Let εn be the minimum
of the non-zero distances from these values to sn+1. Then just choose gn+1(f(n)) larger than
2/εn, so that the sum of all but the first n terms of the sum A is less than εn. This implies
that the sum cannot be sn+1.
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, , , , ,



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 1B. Score:

Evaluate

I =

∫ π/2

0

sinx cosx

sin4 x+ cos4 x
dx

Solution:
Put t = tanx.

I =

∫ π/2

0

tanx sec2 x

1 + tan4 x
dx =

∫ ∞
0

t

1 + t4
dt =

∫ ∞
0

1/2

1 + y2
dy =

π

4



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 2B. Score:

For t ≥ 0 let

F (t) =

∫ t

0

exp(−x2)dx

and

G(t) =

∫ 1

0

exp(−t2(1 + x2))

1 + x2
dx.

Show that F (t)2 +G(t) is constant and deduce the value of F (∞).

Solution:
Differentiate with respect to t. F (∞) =

√
G(0) =

√
π/2.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 3B. Score:

Show that xn+1 = (1 + xn)−1 converges and find its limit for any x0 > 0.

Solution:
If the limit x ≥ 0 exists it must satisfy x(1 + x) = 1 by continuity, so x = (

√
5 − 1)/2.

Subtraction shows that

|en+1| = |xn+1 − x| =
|en|

(1 + xn)(1 + x)
≤ 2

3
|en|

so xn → x.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 4B. Score:

Let c0, c1, . . . , cn−1 be complex numbers. Prove that all the zeroes of the polynomial

zn + cn−1z
n−1 + · · ·+ c1z + c0

lie in the open disc with center 0 and radius

1 + |cn−1|+ · · ·+ |c1|+ |c0| .

Solution:
If |z| ≥ 1 + |cn−1| + · · · + |c1| + |c0| then |zn| is greater than the sum of the remaining

terms of the polynomial so the polynomial cannot vanish.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 5B. Score:

If f(z) is analytic in the open disc D = {z : |z| < 1}, and if |f(z)| < 1/(1−|z|) for all z ∈ D,
show that ∣∣∣∣f (n)(0)

n!

∣∣∣∣ ≤ (n+ 1)

(
1 +

1

n

)n
< e(n+ 1) .

Solution:
By Cauchy’s inequality with r = n/(n+ 1), we have∣∣∣∣f (n)(0)

n!

∣∣∣∣ ≤ 1/(1− r)
rn

=
1

1− n
n+1

(
n+ 1

n

)n
=
n+ 1

1

(
1 +

1

n

)n
.

To prove the last inequality, note that(
1 +

1

n

)n
< e ⇐⇒ n log

(
1 +

1

n

)
< 1 ⇐⇒ log

(
1 +

1

n

)
<

1

n

for all n = 1, 2, 3, . . . . Letting g(x) = log(1 + x) − x, we see that g(0) = 0 and g′(x) =
1/(1 + x)− 1 < 0 for all x > 0, therefore g(1/n) < 0 for all n > 0 as above. This proves the
last inequality.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 6B. Score:

Let Z2 be the ring of integers mod 2. Prove the following identity in Z2[x1, . . . , xn]:

det


x1 . . . xn
x21 . . . x2n

. . .

x2
n−1

1 . . . x2
n−1

n

 =
∏

(a1,...,an)6=(0,...,0)

(a1x1 + · · ·+ anxn),

where (a1 . . . an) run all non-zero values in Zn2 .

Solution: In Z2[x1, . . . , xn], we have for all k = 0, 1, 2, . . . :

(a1x1 + · · ·+ anxn)2
k

= a1x
2k

1 + · · ·+ anx
2k

n , provided that ai ∈ Z2.

Therefore, given some (a1, . . . , an) 6= (0, . . . , 0), the linear combination of the columns with
these coefficients yields a column divisible by the linear form a1x1 + · · ·+anxn, thus showing
that the whole determinant is divisible by it. (Indeed, if, say, ai = 1, the ith column can
be replaced by this linear combination without changing the determinant.) Notice that the
determinant has the same degree 1 + 2 + · · ·+ 2n−1 as the number 2n − 1 of non-zero linear
forms. Since Z2[x1, . . . , xn] is a UFD, with 1 being the only unit, and since non-zero linear
forms are irreducible, we conclude that the determinant on the LHS is divisible by, and hence
coincides with, the product on the RHS.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 7B. Score:

Is it true that elements of the group GL+
2 (R) of real 2×2-matrices with positive determinant

are conjugate inGL+
2 (R) if and only if the matrices are similar (conjugate inGL2(R))? Either

prove this or give a counterexample.

Solution:
Solution. No. The rotations of the plane through the same angle 0 < θ < π in

clockwise and in counter-clockwise directions are similar (i.e. conjugated in GL2(R)), but
not conjugated in GL+

2 (R) since the latter group consists of orientation-preserving linear
transformations of the plane.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 8B. Score:

Let R be a ring (possibly non-commutative, possibly without an identity 1) in which every
element is idempotent (this means that for all a ∈ R, a2 = a). Show that R has characteristic
2 (2a = 0 for all a) and is commutative.

Solution:
Let a and b be elements of R.
To see thatR has characteristic 2, consider (a+a)2 = a(a+a)+a(a+a) = a2+a2+a2+a2 =

4a. Since (a+ a)2 = a+ a, 4a = 2a and hence 2a = 0.
To see that R is commutative, consider (a+ b)2 = a(a+ b) + b(a+ b) = a2 + ab+ ba+ b2.

Since a2 = a, b2 = b and (a+ b)2 = (a+ b), a+ b = a+ ab+ ba+ b. Thus, 0 = ab+ ba. Since
2ba = 0, 2ba = ab+ ba and hence ba = ab.



YOUR EXAM NUMBER
Please cross out this problem if you do not wish it graded

Problem 9B. Score:

Recall that S6 and A6 are the symmetric group and alternating group on 6 letters, respec-
tively.

Prove or give a counterexample (with explanation): For every σ ∈ A6 there is a τ ∈ S6

such that τ 2 = σ.

Solution:
Counterexample. Let

σ = (1 2 3 4)(5 6) .

and assume that σ = τ 2 for some τ ∈ S6. What are the orbits of τ? Since {1, 2, 3, 4} and
{5, 6} are the orbits of σ, the orbits of τ would have to either be these two sets, or they
would have to be one orbit. The former is not true, because (5 6) is not the square of a
permutation of the elements {5, 6}. The latter is not true, because then τ would have to be
a 6-cycle (a b c d e f), but (a b c d e f)2 = (a c e)(b d f) does not contain a transposition.


