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Chapter 16520 Final Exam 20071. Let X = RP 2_RP 2. Give an example of an irregular coveringspace ~X ! X
B A B ALet me �rst describe the above picture. Everything that looks like a sphere is asphere and the half-sphere is supposed to represent a copy of RP 2. And the iden-ti�cations as either A or B are supposed to represent which RP 2 a given sphereor the RP 2 is being mapped onto by the projection map. So we have an in�nitewedge of spheres and exactly one copy of RP 2. The above picture is a coveringspace of RP 2 _ RP 2 and �1( ~X) = Z2 with the generator being B and more im-portantly H = p�(�1( ~X)) =< BjB2 >. Now this is not a normal subgroup of�1(RP 2 _ RP 2) =< A;BjA2; B2 > since the element aba which is a conjugate ofthe element b is not contained in H. And since it is not a normal subgroup thecovering space is an irregular covering space by Proposition 1.39 in Hatcher.2. Compute the fundamental group of the space X obtainedfrom the disjoint union of two 2-tori by identifying them alonga pair of points.

Homotopy Equivalent
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CHAPTER 1. 6520 FINAL EXAM 2007 2It is obvious that the �rst picture is homotopy equivalent toX where the homotopycould be thought of as collapsing the lines in the �rst picture. Then after the picturedhomotopy equivalence we see that X is homotopy equivalent to T 2 _ T 2 _ S1. Nowusing the corollary of Van Kampen's theorem that states �1(_�X�) = ���1(X�) wesee that �1(X) = Z2 � Z2 � Z since �1(T 2) = Z2 and �1(S1) = Z3. Let S be an embedded circle in RP 2 which is not null-homotopic (up to isotopy there is only one) and let X be ob-tained by taking two copies of RP 2 and identifying them alongS. Construct an explicit �-complex structure on X and use itto compute homology and cohomology of X with coe�cientsin Z and Z2
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ZThe above �-complex is a �-complex structure on X since the not null-homotopiccurve in any RP 2 is given by a simple path connecting antipotal points. In X weare connecting the antipotal points V . Now from this �-complex structure we seethat we have 3 vertices, 5 edges, and 4 faces. Thus the chain complex for X has thefollowing form for an arbitrary group G.0! G4 @1! G5 @2! G3 ! 0Now computing the boundary of edges and faces we get@1(L) = A� B + C @2(A) = W � V@1(U) = �A +B + C @2(B) = W � V@1(R) = C �D + E @2(C) = V � V = 0@1(Z) = C +D � E @2(D) = P � V@2(E) = P � V@1 = 266664 1 �1 0 0�1 1 0 01 1 1 10 0 �1 10 0 1 �1
377775 @2 = 24 1 1 0 0 0�1 �1 0 �1 �10 0 0 1 1 35



CHAPTER 1. 6520 FINAL EXAM 2007 3Now by a�ecting a change of basis we see that@1 = 266664 1 0 0 00 0 0 00 2 0 00 0 0 00 0 0 1
377775 and @2 = 24 1 0 0 0 00 0 0 0 00 0 0 0 1 35Now we can compute the homology with both Z and Z2 coe�cients.For Z2 H0(X) = Z2 For Z H0(X) = ZH1(X) = Z2 H1(X) = Z2H2(X) = Z22 H2(X) = ZNow we can also form the cochain complex by letting �1 = @T1 and �2 = @T2 andwe get: 0! G3 �2! G5 �1! G4 ! 0Now we can compute the cohomology with Z and Z2 coe�cients.For Z2 H0(X) = Z2 For Z H0(X) = ZH1(X) = Z2 H1(X) = 0H2(X) = Z22 H2(X) = Z� Z24. Give a de�nition of the Hopf map and verify that it is a�ber bundle.De�ne the Hopf map H : S3 ! S2 by (Z;W ) 7! ZW 2 C[ f1g. Now it is easy to seewhat the �ber's are since we can consider S3 to be the unit sphere in C2H�1(p) = (z; w) such that zw = p) z = pw ) jpwj2 + jwj2 = 1) jwj2 = 1jpj2 + 1) H�1(p) = S1Now we need to check the local trivialization condition. Let U1 = C and U2 =fC � f0gg [ f1g. De�ne m1 : H�1(U1) ! U1 � S1 by (z; w) 7! ( zw ; wjwj) and m2 :H�1(U2) ! U1 � S1 by (z; w) 7! ( zw ; zjzj). These maps take �bers to �bers and is ahomeomorphism since the inverse of m1 is given by the map ( zw ; �)! �jwjw (z; w) andthe inverse of m2 is given by the map ( zw ; �) ! �jzjz (z; w). Thus the Hopf map is a�ber bundle.5. Let M be a closed connected 5-manifold and assume that�1(M) = Z3 and H2(M;Z) = 0. Compute Hi(M) for all i.The �rst thing that we notice is that since �1(M) = Z3 (which has no index 2subgroup) we know thatM is orientable manifold by Propostion 3.25 in Hatcher. The



CHAPTER 1. 6520 FINAL EXAM 2007 4second thing to notice is that H1(M;Z) = Z3 since H1(M;Z) is the abelianization of�1(M) = Z3 which is already abelian. The third thing is for all i > 5 the homologygroups Hi(M;Z) = 0 since i is bigger than the dimension of the manifold. Lastly weknow that H0(M;Z) = Z since M is connected.Using the universal coe�cent theorem we get the following three split exact se-quences. 0! H0(M;Z)! Hom(H0(M;Z);Z)! 00! Ext(H0(M;Z);Z)! H1(M;Z)! Hom(H1(M;Z);Z)! 00! Ext(H1(M;Z);Z)! H2(M;Z)! Hom(H2(M;Z);Z)! 0Now computing all these terms we get0! H0(M;Z)! Z ! 00! 0! H1(M;Z)! 0! 00! Z3 ! H2(M;Z)! 0! 0:This shows that H0(M;Z) = Z, H1(M;Z) = 0, and H2(M;Z) = Z3. Now usingPoincare duality (H5�k(M;Z) = Hk(M;Z)) we see that H5(M;Z) = H0(M;Z) = Z,H4(M;Z) = H1(M;Z) = 0, and H3(M;Z) = H2(M;Z) = Z3.6. Let M be a connected orientable n-manifold which is notcompact. Prove that Hn(M;Z) = 0.Let z represent a cycle in Hn(M;Z) which has a compact image in M . So let U bean open set containing the image of z which has compact closure such that U � M .Let V = M � U . Now we are going to consider the long exact sequence of the triple(M;U [ V; V ) in the following commutative diagram.Hn+1(M;U [ V ;Z) - Hn(U [ V; V ;Z) - Hn(M;V ;Z)Hn(U ;Z) Hn(M ;Z)6 6-�=Now the class [z] 2 Hn(M;Z) de�nes a section x 7! [z]x of the covering space MZof M . Since M is connected, the section is determined by its value at a single point.Now since z has compact image and M is not compact the section must be zero onany point outside of U and thus [z]x = 0. Now by lemma 3.27 we see that z represents0 in Hn(M;V ;Z) and 0 in Hn+1(M;U [ V ;Z) which follows since V and U [ V arecomplements of compact sets in M . Thus Hn(U [ V; V ;Z) = 0 and Hn(U ;Z) = 0 by



CHAPTER 1. 6520 FINAL EXAM 2007 5the isomorphism. Thus z = 0 in Hn(M ;Z), and therefore Hn(M;Z) = 0 since z wasan arbitrary element of the group.(Alternate Proof) Let � : M ! Z be a compactly supported 0-cocycle. Letp 2 C1(M) be a path from a to b where a and b are points in M . Then,��(p) = �(@p) = �(b)� �(a) = 0:It follows that � is a constant function. But because � is compactly supported in anoncompact space, there exists x 2 M such that �(x) = 0. Hence, � = 0. It followsthat H0c (M) �= 0. Then, Hn(M) �= 0 by the general form of Poincar�e duality.7. Show that SLn(R) is connected and that �1(SLn(R)) is cyclicfor all n � 2. You don't have to provide a proof that �berbundles you use really are �ber bundles.The �rst thing that we see is that SLn(R) acts on Rn�f0g by the map h : SLn(R)!
Rn � f0g given by A! A26664 10...0 37775 for A 2 SLn(R)Now to compute we need to compute the �ber which is the stabilizer of the point26664 10...0 37775which is a matrix of the form26664 1 a1 � � � an�10... SLn�1(R)0 37775 :We see that the above group of matrices is a product SLn�1(R)� Rn�1 and thuswe get a �ber bundle of the form

Rn�1 ,! SLn�1(R)� Rn�1 ! SLn�1(R):Now since Rn�1 has the same homotopy type as a point (ie �m(Rn�1) = 0 8m)we see that in the long exact sequence of homotopy groups that �m(SLn�1(R)) �=�m(SLn�1(R)� Rn�1).Now returning to our original �ber bundleSLn�1(R)� Rn�1 ,! SLn(R)! Rn � f0g



CHAPTER 1. 6520 FINAL EXAM 2007 6part of the long exact sequence of homotopy groups is�1(Rn � f0g)! �0(SLn�1(R)� Rn�1)! �0(SLn(R))! �0(Rn � f0g):Which after using the isomorphism �n(SLn�1(R)) �= �n(SLn�1(R) � Rn�1) and thefacts that �1(Rn�f0g) = 0 since it deformation retracts onto S2 and �0(Rn�f0g) = 0since it is connected we get that0! �0(SLn�1(R)! �0(SLn(R)! 0and using induction we see that �0(SLn(R) �= �0(SL1(R) �= �0[1] = 0. Hence SLn(R)is connected.Using another part of the long exact sequence namely�2(Rn � f0g)! �1(SLn�1(R)� Rn�1)! �1(SLn(R))! �1(Rn � f0g)we see that when n = 2 we get�1(SL1(R)� R1)! �1(SL2(R))! �1(R2 � f0g)! �0((SL1(R)� R1)):Now since SL1(R) = 1 and �1(R2 � f0g) = Z since R2 � f0g deformation retractsonto S1 we get 0! �1(SL2(R))! Z ! 0 which implies that �1(SL2(R)) = Z.When n = 3 we get�2(R3 � f0g)! �1(SL2(R)� R2)! �1(SL3(R))! �1(R3 � f0g):Since R3 � f0g deformation retracts onto S2 we see that �1(R3 � f0g) = 0 and�2(R3�f0g) = Z. Now this tells us that the map t : �1(SL2(R)�R2)! �1(SL3(R))is surjective. And since we know that �1(SL2(R)�R2) �= �1(SL2(R) = Z we see that�1(SL3(R)) is a quotient of Z and thus is cyclic.Now for n > 3 we see that �2(Rn�f0g) = 0 = �1(Rn�f0g) and thus �1(SLn(R)) �=�1(SLn�1(R)) �= �1(SL3(R)) and thus �1(SLn(R)) is cyclic for all n � 2.8. Prove that there is no map f : CP 2 ! CP 2 of negativedegree.By de�nition the degree is de�ned to be the integer d such that f�([CP 2]) = d[CP 2]where [CP 2] is the fundamental class of CP 2. Now the cell structure on CP 2 isgiven by e0 [ e2 [ e4 and thus the cup product structure on CP 2 is given by Z[�]=�3where � is two dimensional. Thus if such an f existed then f �(�2) = d�2 since thereis a natural isomorphism between H4(CP 2) and H4(CP 2) given by the UniversalCoe�cient Theorem. But this map would send � ! k� and using the cup productstructure f �(�2) = k2�2 and hence d would need to be a square in Z. And if d isnegative this cannot occur. Thus there are no maps of negative degree in this case.



Chapter 2January 20071. Let Sn be the unit sphere in Rn+1 and h : Rn+1 ! R theprojection to the last coordinate. Prove that the restrictionof h to Sn is a Morse function and �nd all critical points andtheir indices.First we need to chose charts and work in local coordinates. Let U+i = f(x0; : : : ; xn)jxi >0g and U�i = f(x0; : : : ; xn)jxi < 0g let '�i : Rn+1 ! Rn given by (x0; : : : ; xn) !(x0; : : : ; x̂i; : : : ; xn) be the chart map. Now if we look at the maps P�i = h � ('�i )�1we get the map (x0; : : : ; xn)! xn if i 6= n in which case the partial derivatives @Pi@xj = 0if j 6= n and j 6= i, also @P�i@xn = 1. But this implies that we have no critical points inany chart except U�n .In this case we see that P+n (x0; : : : ; xn�1) =p1� x20 � x21 � � � � � x2n�1. Now@P+n@xi = �xip1� x20 � x21 � � � � � x2n�1and thus the critical point is when all the xi = 0 ie at the point (0; 0; : : : ; 1). AlsoP�n (x0; : : : ; xn�1) = �p1� x20 � x21 � � � � � x2n�1 thus@P�n@xi = xip1� x20 � x21 � � � � � x2n�1and we see that another critical point is (0; 0; : : : ;�1). Now we need to check thatthese critical points are nondegenerate.@2P+n@x2i = �p1� x20 � x21 � � � � � x2n�1 � x2ip1�x20�x21�����x2n�11� x20 � x21 � � � � � x2n�1and @2P�n@x2i = p1� x20 � x21 � � � � � x2n�1 + x2ip1�x20�x21�����x2n�11� x20 � x21 � � � � � x2n�17



CHAPTER 2. JANUARY 2007 8which equal �1 and 1 respectively when we evaluate each at its critical point. Alsothe mixed partials are @2P+n@xi@xj = � xixj2(1� x20 � x21 � � � � � x2n�1) 32@2P�n@xi@xj = xixj2(1� x20 � x21 � � � � � x2n�1) 32which take the value 0 when evaluated at the critical point. Thus the hessian ma-trix for the critical points in non-degenerate and hence our function h is a Morsefunction. Now in order to compute the index of the critical points we need to countthe dimension of the negative eigenspace in the hessian matrix. For the critical point(0; 0; : : : ;�1) we see that all the numbers on the diagonal are 10s with zeros elsewhereso we get a Morse index of 0. For the critical point (0; 0; : : : ; 1) we see that the onlynon-zero entries are on the diagonal and they are all �1 which gives us a Morse indexof n.2. Find a perturbation of the identity map RP 3 ! RP 3 whichis a Lefschetz map and compute its Lefschetz number.For RP3, the identity map in projective coordinates is[x : y : z : w] 7! [x : y : z : w]:To make this a Lefschetz map, we will homotope it to the map[x : y : z : w] 7! [x : 2y : 3z : 4w]:This map has four �xed points: [1 : 0 : 0 : 0], [0 : 1 : 0 : 0], [0 : 0 : 1 : 0] and[0 : 0 : 0 : 1]. We will show that these �xed points have no +1 eigenvalues andcompute the local Lefschetz index of each one.Fix x = 1. Then, our map becomes(y; z; w) 7! (2y; 3z; 4w):Clearly, this map has no +1 eigenvalues.df � I = 0@1 0 00 2 00 0 31A :L[1:0:0:0](f) = 1:Fix y = 1. We have the local map(x; z; w) 7! (x=2; 3z=2; 2w):



CHAPTER 2. JANUARY 2007 9
df � I = 0@�12 0 00 12 00 0 11A :L[0:1:0:0](f) = �1:Fix z = 1. We have (x; y; w) 7! (x=3; 2y=3; 4w=3):df � I = 0@�23 0 00 �13 00 0 131A :L[0:0:1:0] = 1:Fix w = 1: (x; y; z) 7! (x=4; y=2; 3z=4):df � I = 0@�34 0 00 �12 00 0 �141A :L[0:0:0:1](f) = �1:Hence, L(f) = 0.3. Give a proof that RP 2 is non-orientable.We can derive an orientation of S2 from the standard orientation of R3. When S2 isembedded in R3 in the standard way, we have the inclusion map i� : TpS2 ! TpR3. Let� be the standard (right hand) orientation of R3. Formally, this is an equivalence classof ordered bases of R3. De�ne an orientation �TpS2 of S2 by saying that (v0; v1) 2 �TpS2if and only if (i�(v0); i�(v1); p) 2 �. At each point p 2 S2, we can pick a chart so that�TpS2 lifts to an orientation of R2, so this is a smooth orientation of S2. Now, observethat the antipodal map p 7! �p reverses the orientation of S2: if (v0; v1) 2 �TpS2,then (�v0;�v1) 2 �T�pS2 . Now, suppose that RP2 is orientable. The projectionmap P : S2 ! RP2 which identi�es point pairs fp;�pg is a local di�eomorphism,so an orientation of RP2 lifts by P to an orientation of S2. Since the antipodalmap A : S2 ! S2 is orientation reversing, lifting by P � A would give the oppositeorientation on S2. This is a contradiction since P � A = P .



CHAPTER 2. JANUARY 2007 104. Compute de Rham cohomology of the 2 � torus. You mayuse the Poincare lemma and the Mayer-Vietoris sequence. Forexample, you may want to compute H�(S1) �rst.5. Let f : Rn ! R be a smooth function. Show that for every� > 0 there is a v 2 Rn with jvj < � such that the functiongv : Rn ! R given by gv(x) = f(x) + v � x is Morse.So let h := Rn ! Rn be given by h(x1; : : : ; xn) = ( @f@x1 ; : : : ; @f@xn ). Now the derivativeof gv at a point p is given by(dgv)p = (@gv@x1 ; : : : ; @gv@xn ) = h(p) + v:Now p is a critical point of gv if and only if h(p) = �v. Also we see that gv and fhave the same second partials and that the Hessian matrix of f at p is exactly (dh)p.If �v is a regular value for h then �v is a nondegenerate critical point of gv since(dh)p is nonsingular. Thus if �v is a regular value of h then we have a Morse functionsince all critical points will be non-degenerate. Now by Sard we know that the set ofregular values of h has full measure in Rn and hence in any � neighborhood of zerowe can �nd a �v which is a regular value.6. The set SL2(R) of 2� 2 matrices with determinant 1 can beviewed as a subset of R4 by choosing an ordering of entries.Show that this set is a submanifold of R4 and compute itstangent space at the identity matrix.7. Consider the vector �elds in R3: X = x @@x+ @@y and Y = @@x� @@z .Show that there is no non-empty surface S � R3 that is tangentto both vector �elds at each of its points.The �rst thing that we need to do is compute [X; Y ] = XY � Y X= (x @@x + @@y )( @@x � @@z )� ( @@x � @@z )(x @@x + @@y )= 0� x @2@x@z + @2@x@y � @2@y@z � @@x + 0� @2@x@y + x @2@x@z + @2@y@z = � @@xNow we notice that� @@x =2 SpanfX; Y g. Thus by the Frobenius Integrability Theoremthere does not exist such a surface.



CHAPTER 2. JANUARY 2007 118. Show that for any two points x; y 2 Rn that there is acompactly supported isotopy �t (ie it is the identity outside acompact set) such that �0 = id and �1(x) = y.9. De�ne a �-complex structure on the Klein bottle (K) andcompute its homology with Z and Z2 coe�cients.

V V

VV

A A

B

B

C

U

L

Now we see that the basis for the chain groups �2;�1;�0 is given by the opensimplices fU; Lg, fa; b; cg, and fvg respectively so we have the following chain complex0 �! G2 @�! G3 0�! G �! 0where the map @ = � 1 1 �1�1 1 1 � = � 1 0 00 2 0 �. Now we see that Ker@ = 0 ifG = Z and Ker@ = Z2 if G = Z2. In addition Im@ = Z�2Z if G = Z and Im@ = Z2if G = Z2. Thus we can compute the homology and we getFor Z H0(K) = Z=f0g = Z For Z2 H0(K) = Z2=0 = Z2H1(K) = Z3=Z� 2Z = Z� Z2 H1(K) = Z32=Z2 = Z22H2(K) = 0=0 = 0 H2(K) = Z2=0 = Z2and all other homology groups are zero since there are no open simplices of dimensiongreater than 2.10. Give an example of an irregular (i.e. not normal) coveringspace (with a proof).See Chapter 1 number 1 for an example.11. Let f : M ! N be a map of degree 1 between twosmooth, closed, connected, oriented n-manifolds. Prove thatf# : �1(M)! �1(N) is surjective.



CHAPTER 2. JANUARY 2007 1212. Let M be a closed connected 5-manifold such that �1(M) �
Z=7. If H2(M;Z) � Z, compute all other homology and coho-mology groups of M with integral coe�cients.



CHAPTER 2. JANUARY 2007 1313. Let Fn be the free group of rank n and let G � Fn bea subgroup of index m. Prove that G is a free group andcompute its rank.



CHAPTER 2. JANUARY 2007 1414. De�ne carefully a CW structure on RP n (you don't have toprove it here), and use it to compute H(Rpn;Q) andH(RP n;Z=2).



CHAPTER 2. JANUARY 2007 1515. Prove that the map h : S3 ! CP 1 given by h(x; y) = [x : y] isa �ber bundle. Here S3 is the unit sphere jxj2 + jyj2 = 1 in C2.



CHAPTER 2. JANUARY 2007 1616. Prove that RP 3 is not homotopy equivalent to RP 2 _ S3.



Chapter 36510 Final Exam1. Let M;N be two manifolds. Show that M �N is orientableif and only if both M and N are orientable.2. Using a Mayer-Vietoris argument compute deRham coho-mology of spheres Sn. Note allowed to use the fact that thecohomology of something that is contractible is the same as apoint.First note that Sn � fptg �= Rn and since Rn is contractible we know that H i(Rn) =�
R i = 00 i 6= 0 . So let U = Sn�N and V = Sn�S. Notice that U \V �= Rn�fptg 'Sn�1. Since Sn is connected we know that H0(Sn) = R. Now in order to �gure outH i(Sn) notice that we can construct the following part of the Mayer-Vietoris longexact sequenceH i�1(U)�H i�1(V )! H i�1(U \ V )! H i(Sn)! H i(U)�H i(V )Now pluging in all of our equivalences and noting that the cohomology does notchange under homotopy we haveH i�1(Rn)�H i�1(Rn)! H i�1(Sn�1)! H i(Sn)! H i(Rn)�H i(Rn)Now in the case where i = 1 we get using facts about cohomology of contractiblespaces if n > 1 0! R ! R� R ! R ! H i(Sn)! 0and thus using the alternating sum rule we get H1(Sn) = 0. If n = 1 then we get theshort exact sequence 0! R ! R� R ! R� R ! H i(Sn)! 0which by the alternating sum rules gives us that H1(S1) = R. If i > 1 then wehave the following sequence after plugging in what we know about the cohomologyof contractible spaces. 17



CHAPTER 3. 6510 FINAL EXAM 18
0! H i�1(Sn�1)! H i(Sn)! 0and thus we know that H i�1(Sn�1) �= H i(Sn). If i > n then we get that H i(Sn) = 0by one of the properties of cohomology. If i = n we get that H i�1(Sn�1) �= H i(Sn) �=H1(S1) = R. If i < n we get H i(Sn) �= H i�1(Sn�1) �= H1(Sn�i+1) = 0.3. Suppose M;N � R3 are two 1-dimensional submanifolds of

R3. Show that for every � > 0 there is a v 2 R3 with jvj < � andso that M + v = fx+ vjx 2Mg is disjoint from N .(Transversality Theorem): Let F : X�V ! Y be smooth and Z � Y a submanifold.Then if F t Z we have fv 2 V jFv(x) t Zg has full measure in V .Let F : M � R3 ! R3 given by F (m; v) = m + v. Now this map is clearlysurjective and hence f t N . Now by the Transversality Theorem we know thatthe set fv 2 R3jM + v t Ng has full measure in R3. Two submanifolds of R3 aretransverse if for every p 2 M \ N the condition TpM + TpN = TpR3 holds. Butnotice that since the tangent space at a point has the same dimension as the ambientmanifold we would have to have 1+1=3 for this to hold non-trivially in our case. Sothe only way thatM+v t N is ifM \N = �. We just proved that this must happenfor almost every v 2 R3 so in particular we can �nd a v such that for any � > 0 wehave jvj < � since the set of v has full measure.4. Let f : S2 ! S2 be a map whose degree is 6= �1. Show thatf has a �xed point.5. Give an example of a 2-plane �eld in R3 that does not admitany (non-empty) integral manifolds.(integrable k-plane) A k-plane �eld � is said to be integrable if for any two vector�eldsX; Y 2 � we have that [X; Y ] 2 �.(Frobenius Integrability Theorem) If we have an integrable k-plane �eld � on amanifold M then around any point p 2 M there exists a local coordinate systemso that � = Spanf @@x1 ; :::; @@xk g. More explititly there exists an integral manifoldthrough any point p 2MLet � = Spanf @@x ; @@y + x @@zg. Then computing we �nd that[X; Y ] = @@x ( @@y + x @@z )� ( @@y + x @@z )( @@x )= @2@x@y + @@z + x @2@z@x � x @2@z@x � @2@x@y = @@z =2 �Thus � is not integrable and hence there does not eexist an integral manifold throughany point in R3



CHAPTER 3. 6510 FINAL EXAM 196. Show that the map h : S3 ! CP 1 given by h(x; y) = [x : y]is a submersion. What are the point inverses of h? Here weview S3 as the unit sphere in C2.7. Show that for any two points x; y 2 Rn there is a compactlysupported isotopy �t with �0 = id and �1(x) = y.8. Show that SLn(R) � Rn2 is a submanifold.(Regular Value Theorem) Let f : Xn+m ! Y m be a smooth map between manifoldsand let c 2 Y be a regular value (for every x 2 f�1(c) the derivative Txf : TxX ! TcYis surjective) then Z = f�1(c) is a n-dimensional submanifold ofX and for every p 2 Zwe have Tpi(TpZ) = Ker[Tpf : TpX ! Tf (p)Y ].Identify Mn�n with Rn2 by choosing an ordering of entries. Then consider thedeterminant map det : Mn�n ! R. Clearly SLn(R) = det�1(1) since SLn(R) is theset of all matrices with determinant one. So if we can show that the derivative issurjective then we are done. So expanding along the �rst row the formula for thedeterminant is x11A11 + :::+ x1nA1n and notice that only the �rst term has x11 in it.Now the Jacobian is (@Det@x11 ; :::; @Det@xnn ) = (A11; :::; Ann) and note that in order for thisnot to be surjective all the cofactors must be zero. But any matrix in SLn(R) hasdeterminant one and thus all of the cofactors can't be zero in any row let alone inall rows thus the derivative map is surjective and 1 is a regular value. Thus by theregular value theorem we are done.
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CHAPTER 4. AUGUST 2006 21
Chapter 4August 20061. Show that the set M1 of real 2 � 2 matrices of rank 1 is a3�dimensional submanifold of the space M(2; 2) �= R4 of all real2� 2 matrices.2. For which values of a > 0 does the hyperboloid x2+y2�z2 = 1intersect the sphere x2 + y2 + z2 = a transversally (in R3)?3. Let X; Y � R3 be two 1-dimesional submanifolds. Show thatthere is v 2 R3 such that X is disjoint from Y +v := fy+vjy 2 Y g.4. De�ne the Lefschetz index of an isolated �xed point of asmooth map f :M !M . Compute the Lefschetz index at 0 ofthe map f : C ! C given by f(z) = z + zm.5. Compute the Gaussian curvature of the hyperboloid x2 +y2 � z2 = 1 at the point (1,0,0).6. Regard the real projective plane RP 2 as the space of triples(x; y; z) 2 R � f0g modulo the relation (x; y; z) � (tx; ty; tz) fort 2 R�f0g. De�ne f : RP 2 ! R by f(x; y; z) = x2+2y2x2+y2+z2 . Computeall critical points of f . Show that f is a Morse function andcompute the Morse index of each critical point.7. Give an example of a closed 1-form on R2�f0g which is notexact, and prove both properties.8. Verify the formula d!(X; Y ) = X(!(Y ))� Y (!(X))� !([X; Y ])for any 1-form ! on Rn and any two vector�elds X; Y on
Rn. This is using Spivak's normalization conventions (dx ^dy( @@x ; @@y) = 1); using Guillemin-Pollack's one should multiplythe left-hand side by 2.9. Let X be the quotient space of S2 obtained by identifyingthe north and south poles to a single point. Carefully de-�ne a cell complex structure on X (inculding a description ofattaching maps) and use this to compute �1(X).



CHAPTER 4. AUGUST 2006 2210. For a connected CW complex X, call a connected coveringspace ~X ! X abelian if it is normal and has abelian decktransformation group. Show that X has an abelian coveringspace that is a covering space of every other abelian coveringspace of X, and that such `Universal' abelian covering spaceis unique up to isomorphism. Dexcribe this covering spaceexplicitly for X = S1 _ S1. Carefully state theorems you areusing.



CHAPTER 4. AUGUST 2006 2311. De�ne a �-complex structure on the Klein bottle K anduse it to compute H(K;Z), H(K;Z2), H(K;Q)



CHAPTER 4. AUGUST 2006 2412. Let X be the quotient space of the 2-sphere S2 under theidenti�cations x � �x for x in the equator S1. Compute thehomology groups Hi(X) using any method that you like.



CHAPTER 4. AUGUST 2006 2513. Apply the Lefschetz �xed point theorem to show thatevery map f : CP n ! CP n has a �xed point when n is even(state the Lefschetz �xed point theorem and any fact aboutthe ring structure of H you are using). Construct a �xed pointfree map f : CP n ! CP n when n is odd.



CHAPTER 4. AUGUST 2006 2614. Show that a p-sheeted covering map M ! N between twoclosed connected oriented smooth manifolds has degree �P .



CHAPTER 4. AUGUST 2006 2715. Show that if a closed orientable manifold M of dimension2k has Hk�1(M ;Z) torsionfree, then Hk(M ;Z) is also torsion free.



CHAPTER 4. AUGUST 2006 2816. Show that if the closed orientable surface Mg of genus gretracts onto a graph X � Mg, then H1(X) has rank at mostg. You may use the following algebraic fact: a nonsingularskew-symmetric bilinear pairing over the rationals Q, of theform Qn � Qn ! Q, cannot be identically 0 when restricted toV � V for any Q-linear subspace V � Qn of dimension > n=2.
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CHAPTER 5. JANUARY 2006 30
Chapter 5January 20061. Let X be a manifold and f : X ! Rk a continuous function.Show that for every � > 0 there is a smooth function g : X ! Rksuch that jjg(x)� f(x)jj < � for every x 2 X.2. Let Mn�n be the set of all real n � n matrices. This setis naturally a manifold, since it can be identi�ed with Rn2 bychoosing an ordering of entries. Let O(n) �Mn�n be the set oforthogonal matrices, ie matrices A with AAT = I. Prove thatO(n) is a submanifold of Mn�n. What is the dimension of O(n)?3. Give a careful de�nition of the tangent bundle of a manifoldX. Show that the total space of the tangent bundle of S2 isnot di�eomorphic to S2 � R.4. State the Lefchetz �xed point theorem (for Lefschetz maps).Compute the Lefschetz number of the identity map id : CP 2 !
CP 2 by �rst perturbing it to a Lefschetz map and then apply-ing the Lefschetz �xed point theorem.5. State the Frobenius integrability theorem. Show that theplane �eld in R3 spanned by the vector �elds X = @@x + z @@y andY = @@z is not integrable on any nonempty open subset of R3.6. Let ! be a compactly supported smooth n-form on Rn.Prove that the following two statements are equivalent. Thereexists a compactly supported smooth (n-1)-form � such that! = d�. R

Rn ! = 0.7. Let a : Sn ! Sn be the antipotal map. Suppose that ! is asmooth form on Sn such that a�! = !. Prove that if ! is exact,then there is a smooth form � with ! = d� and a�� = �. Use theprevious problem and the fact that Hk(Sn) = 0 for 0 < k < n todeduce that Hk(RP n) = 0 for 0 < k < n.8. State the tubular neighborhood theorem for a compactsubmanifold X � n. Give an outline of the proof with detailsof the step that shows that the constructed map is a di�eo-morphism.9. Two covering spaces p0 : X0 ! X and p1 : X1 ! X of a spaceX are isomorphic if there is a homeomorphism h : X0 ! X1 suchthat po = p1 �h. In this question all spaces are path-connected,locally path-connected, and semilocally path-connected.



CHAPTER 5. JANUARY 2006 311. Prove the following piece of the classi�cation theorem forcovering spaces: Let x 2 X



August 20051. In this problem we identify C with R2 in the usual mannervia z 7! (<z;=z). Consider the following submanifolds of C2 �f(0; 0); (0; 0:5)g:M1 = f(z; w) 2 C2jz2+w2 = 1g;M2 = f(z; w) 2 C2jz2�w2+w = 1g;M3 = f(x1; y1; x2; y2) 2 4j1�x1+x22+y21+y22 = 0gWhich of the pairs Mi;Mj are transverse at p = (1; 0) 2 C22. Let V;W : R4 ! R4 be vector �elds on R4 de�ned byV (x; y; z; w) = (y;�x;w;�z) and W (x; y; z; w) = (w; z;�y;�x). Isthere a nonempty surface � � R4 such that for every p 2 � wehave V (p);W (p) 2 Tp�? Find such a surface or prove that itdoes not exist.So we need to compute [V;W ] where V = y @@x � x @@y + w @@z � z @@w and W = w @@x +z @@y � y @@z � x @@w .[V;W ] = [y @@x ; w @@x ] + [y @@x ; z @@y ] + [y @@x ;�y @@z ] + [y @@x ;�x @@w ]+[�x @@y ; w @@x ] + [�x @@y ; z @@y ] + [�x @@y ;�y @@z ] + [�x @@y ;�x @@w ]+[w @@z ; w @@x ] + [w @@z ; z @@y ] + [w @@z ;�y @@z ] + [w @@z ;�x @@w ]+[�z @@w ; w @@x ] + [�z @@w ; z @@y ] + [�z @@w ;�y @@z ] + [�z @@w ;�x @@w ]= wy @2@x@x � wy @2@x@x + yz @2@x@y � z @@x � yz @2@x@y � y2 @2@x@z + y2 @2@x@z�xy @2@x@w � y @@w + xy @2@x@w � xw @2@x@y + xw @2@x@y + w @@y � xz @2@y@y+xz @2@y@y + x @@z + xy @2@y@z � xy @2@y@z + x2 @2@y@w � x2 @2@y@w + w2 @2@x@z�w2 @2@x@z + w @@y + wz @2@y@z � wz @2@y@z � yw @2@z@z + yw @2@z@z � xw @2@w@z+x @@z + xw @2@w@z � z @@x � zw @2@x@w + zw @2@x@w � z2 @2@w@y + z2 @2@w@y+zy @2@w@z � y @@w � zy @2@w@z + zx @2@w@w � zx @2@w@w= �2y @@w + 2x @@z � 2z @@x + 2w @@y =2 SpanfV;WgThus by the Frobenius Integrability Theorem there does not exist such a surface.32



CHAPTER 5. JANUARY 2006 333. LetM be a nonempty compact manifold with empty bound-ary. Prove that there is no compact manifold W � M � Mwhose boundary @W is the diagonal � = f(x; x) 2M �Mg.4. Is there a smooth embedding of RP 2 into an orientable3-manifold? Provide a proof or an example.5. Let f : R2 ! R3 be the function given by f(x; y) = (x2 �y; x+y2; sin(x)). Let ! be the 2-form on R3 given by !(u; v; w) =udv ^ dw. Compute the pull-back f �!.6. Prove that for any two disjoint closed subsets A;B � Rnthere is a smooth function f : Rn ! R such that f = 0 on Aand f = 1 on B.7. Show that the total space of the tanget bundle T (S2) of the2-sphere is not di�eomorphic to S2 � R2.8. Compute the Gaussian curvature of the hyperboloid x2 +y2 � z2 = 1 at the point (1,0,0).
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CHAPTER 6. JANUARY 2005 35
Chapter 6January 20051. Let X = f(x; y) 2 R3�R3jx � x = y � y = 1; x � y = 0g. Show thatX is a submanifold of R3 � R32. Prove that the tangent bundle TM of a smooth manifoldM , viewed as a smooth manifold, is orientable.3. Let f : M ! N be a map between two closed connectedoriented manifolds. If f has degree 1, show that f� :4. Let M be a manifold and � a smooth k-plane �eld on M .Suppose that X and Y are smooth vector �elds on M withvalues in �. Show that if for some p 2M we have Xp = 0 then[X; Y ]p 2 �.5. Let X = y @@x � (x+1) @@y and Y = y @@x � (x� 1) @@y be two vector�elds in R2. Compute [X; Y ].6. Let X be the standard \middle thirds" Cantor set in R,viewed as a subset of the plane R2. Assume that f : X ! R isa function with the property that for every x 2 X there is anopen set x 2 Ux in R2 and a smooth function fx : Ux ! R suchthat fxjUx\X = f jUx\X. Show that there is an open set U in R2,X � U , and a smooth function g : U ! R such that gjX = f .7. Prove or give a counterexample (with proofs): If M is aclosed submanifold of Rn then its tangent bundle is trivial ifand only if its normal bundle is trivial.8. Let f : Rn ! R be a smooth function. Show that for almostevery a 2 Rn the function9.10.


